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We study how the magnetic field and non-standard vector channels affect hadronic, quarkionic and
hybrid stars. In the hadronic phase, we use the QHD model, within its standard σωρ mesons, and
compare the results with the ones obtained with the inclusion of the strangeness hidden φ meson.
In the quark phase, we use the standard SU(3) NJL and compare the results with the version that
takes into account the vector channel Gv(ψ¯γ
µψ). Magnetic fields are taken into account via chaotic
magnetic field approximation.
PACS numbers: 24.10.Jv
I. INTRODUCTION
Super-powered pulsars with a magnetic field reaching
as high as 1015 G in the surface and yet, values beyond
1018 G in their cores (due to the scalar Viral theorem [1])
are believed to exist in nature. The idea of such magnetic
field several times stronger than the ones usually found
in pulsars were proposed by Duncan in [2, 3] to explain
two distinct objects: soft gamma-ray repeaters (SGRs)
and anomalous X-ray pulsars (AXPs). Up to date, both
objects are believed to be different manifestation of a sin-
gle type of compact star: the magnetar [4]. A catalogue
with updated information on magnetars can be found in
[5]. Presently, it contains data on 15 SGRs and 14 AXPs.
To describe a magnetar we revisit the theory of neu-
tron stars, dense objects that are maintained by the equi-
librium of gravity and the degeneracy pressure of the
fermions. To explain the high masses observed, besides
the degeneracy pressure, there must be another repulsive
channel. Today it is well known that the baryon inter-
action is repulsive at extremely short distances. In the
present work, we have divided the magnetars in three
different possible types.
The first one is a hadronic neutron star - or simply neu-
tron star for short - described within the Quantum hadro-
dynamics (QHD) formalism [6]. In this model the baryon
interaction is mediated by scalar and vector mesons ex-
change. Within the QHD, we construct an equation of
state (EoS), a relation between pressure and energy den-
sity. With the EoS in hand, we use the TOV equations [7]
to obtain the macroscopic properties of the neutron stars.
We also allow the hyperon onset in the nuclear bulk due
to the high densities reached in the neutron star core.
The possibility of the hyperon formation is, to some ex-
tent, an open puzzle [8, 9]. Nevertheless, no mechanism
is known to suppress the hyperon threshold. We also
dedicate an entire section to describe the role of the non-
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standard φ meson, a repulsive strangeness hidden chan-
nel, which is relevant to describe massive hyperonic stars.
On the other hand, once the internal composition of
the neutron stars is not fully established, our second re-
search considers the possibility that the compact stars
are actually quark stars, composed of deconfined quarks.
This proposal is based on the Bodmer-Witten conjec-
ture [10, 11], which states that strange matter is actually
the ground state of all matter at high densities. If this is
true, the entire star is converted into quark matter in a
finite amount of time.
Moreover, even if strange matter is not the ground
state, quarks can still be present in the core surrounded
by hadronic matter. This is the third star type, called
hybrid star. A nice argument is based on the large Nc
expansion as shown in ref.[12]. As the quark chemical po-
tential exceeds the constituent quark mass, the increase
of the pressure produces a phase where chiral symme-
try is restored. For sufficiently high densities this matter
becomes strange quark matter.
We study quark and hybrid star formalisms within
the three flavors SU(3) Nambu Jona-Lasinio (NJL)
model [13–16], which is known to satisfy expected QCD
chiral symmetry aspects. As in the case of hadronic
stars, we dedicate an entire section to describe the role of
the non-standard Gv coupling, a repulsive vector channel
which stiffens the EoS.
The influence of the magnetic field is studied in the
context of the chaotic magnetic field approximation [16–
19], which allows us to construct a thermodynamic con-
sistent pressure. There is no doubt that the ideal situa-
tion is to use the LORENE code [20], which performs a
numerical computation of the neutron star by taking into
account Einstein-Maxwell equations and equilibrium self
consistently. Unfortunately, this calculation is not always
feasible for all purposes, besides the very high computa-
tional price inherent to it. As already shown [21], the
pressure needs to be a scalar and the chaotic magnetic
field fulfills this requirement and avoids anisotropies [18].
Moreover, the chaotic magnetic field satisfies some con-
straints related to the distribution of the magnetic field
2in magnetar interiors, as discussed in ref. [22]. Additional
discussion about the validity of the chaotic magnetic field
approximation can be found at scope and at the end of
the manuscript.
II. MAGNETARS AS NEUTRON STARS
The natural tool to describe strong interacting matter
is the quantum chromodynamics (QCD), which describes
the interaction of quarks and gluons. However, except at
a very narrow region of low density and high tempera-
ture - which turned out to be the opposite of what one
would expect in neutron stars interiors - the Lattice QCD
(LQCD) produces no results. To overcome this issue,
we use effective models. Here we present the quantum
hadrodynamics (QHD). The QHD considers the baryons
as the fundamental degrees of freedom and describes their
interactions via mesons exchange [6].
To produce reliable neutron star properties we need to
be able to reproduce realistic physical quantities that are
known from phenomenology. There are five well known
properties of symmetric nuclear matter at the satura-
tion point: the saturation density itself (n0), the effec-
tive nucleon mass (M∗/M), the compressibility (K), the
symmetry energy (S0) and the binding energy per baryon
(B/A) [8]. Besides them, it is also worth noticing that the
study of the slope of the symmetry energy (L) - which has
non-negligible implications on the neutron star macro-
scopic properties - has had a great development in the
last years, although the debate about its true value is
still going on [23–26]. To fulfill these constraint we use
a slightly modified GM1 parametrization, which reduces
the slope from 94 MeV to 88 MeV. The QHD Lagrangian
in this work reads (Eq. (1)):
LQHD =
∑
b
ψ¯b
[
γµ(i∂µ − ebAµ − gb,ωωµ − gb,ρ 1
2
~τ · ~ρµ)− (mb − gb,σσ)
]
ψb +
1
2
m2vωµω
µ
+
1
2
m2ρ~ρµ · ~ρ µ +
1
2
(∂µσ∂
µσ −m2sσ2)− U(σ)−
1
4
FµνFµν − 1
4
ΩµνΩµν − 1
4
Pµν ·Pµν , (1)
in natural units. ψb are the baryonic Dirac fields. Here,
not only nucleons can be present, but we also consider
the possibility of hyperon creation in neutron star core.
Because of the Pauli principle, as the number density
increases, so does the Fermi energy. Ultimately the
Fermi energy of the nucleons exceeds the mass of heav-
ier baryons, and the conversion of some nucleons into
hyperons [8] become energetically favorable. The σ, ωµ
and ~ρµ are the mesonic fields. The g
′s are the Yukawa
coupling constants that simulate the strong interaction,
mb is the mass of the baryon b, ms, mv, and mρ are the
masses of the σ, ω, and ρ mesons respectively, eb is the
electric charge of the baryon b, Aµ is the electromagnetic
four-potential and ~τ are the Pauli matrices. The antisym-
metric mesonic field strength tensors are given by their
usual expressions as presented in [8]. The U(σ) is the
self-interaction term introduced in ref. [27] to reproduce
some of the saturation properties of the nuclear matter
and is given by:
U(σ) =
1
3!
κσ3 +
1
4!
λσ4. (2)
As magnetars are stable macroscopic objects, we need
to describe a neutral, chemically stable matter and hence,
leptons are added as free Fermi gases described by
Llep =
∑
l
ψ¯l[iγ
µ(∂µ − elAµ)−ml]ψl, (3)
where the sum runs over the two lightest leptons (e and
µ).
Let us now give the parameters of the GM1 model as
well as the prediction of the physical quantities and their
inferred values from phenomenology [8, 26, 28, 29]. In
Tab. (I) we resume these values.
Parameters Phenomenology GM1 Masses (MeV)
(gNσ/ms)
2 11.785 fm2 n0 (fm
−3) 0.148 - 0.170 0.153 MΛ = 1116
(gNω/mv)
2 7.148 fm2 M∗/M 0.7 - 0.8 0.7 MΣ = 1193
(gNρ/mρ)
2 3.880 fm2 K (MeV) 200 - 315 300 MΞ = 1318
κ/MN 0.005894 S0 (MeV) 30 - 34 30.5 me = 0.511
λ -0.006426 B/A (MeV) 15.7 - 16.5 16.3 mµ = 105.6
MN 939 MeV L (MeV) 36 - 113 88 -
TABLE I. GM1 model parameters and physical quantities infered from experiments [26, 28, 29].
3As we allow the hyperon onset we also have to fix
the hyperon-mesons coupling constants. Unlike the nu-
clear matter, we have very little experimental informa-
tion about hyperonic matter. The main term is the
hyperon potential depth fixed at the saturation density.
However, just the Λ hyperon has the potential depth well
fixed at -28 MeV [28]. The knowledge of the other poten-
tial depths are known with a lower degree of precision.
Unfortunately the knowledge of the hyperon potential
depth is not enough to fix all constants, once different
sets of coupling constants reproduce the same potential
values. Even worst is the fact that these different sets
of the coupling constants, yet predicting the same po-
tential depth, cause large variations on the neutron star
properties [8]. So, in order to reduce the large number of
free parameters we fix the well known Λ potential depth
UΛ = -28 MeV, and use symmetry group theory to fix
all the other hyperon-meson coupling constants. To be
more specific, we use the hybrid SU(6) group [30] to fix
all the vector mesons and a nearly SU(6) group to fix the
scalar ones as presented in [9]. All the hyperon-mesons
coupling constants are presented bellow in Eq. (4).
gΛω
gNω
=
gΣω
gNω
= 0.667,
gΞω
gNω
= 0.333, (4)
gΣρ
gNρ
= 2.0
gΞρ
gNρ
= 1.0,
gΛρ
gNρ
= 0.0,
gΛσ
gNσ
= 0.610,
gΣσ
gNσ
= 0.396,
gΞσ
gNσ
= 0.113.
To solve the equations of motion, we use the mean
field approximation (MFA), where the meson fields are
replaced by their expectation values, i.e: σ → 〈σ〉 = σ0,
ωµ → δ0µ 〈ωµ〉 = ω0 and ρµ → δ0µ 〈ρµ〉 = ρ0. Applying
the Euler-Lagrange formulation to Eq. (1) we obtain, for
a baryon in the absence of electric field, the following
equation of motion:
[γ0(i∂
0−gb,ωω0−gb,ρρ0)−γj(i∂j−ebAj)−M∗b ]Ψ = 0, (5)
where we define M∗b
.
= mb − gb,σσ0 as the effective
baryon mass.
For an uncharged baryon, ebA
j is always zero. Us-
ing the quantization rules (E = i∂0, i∂j = k) we easily
obtain the eigenvalue for the energy:
Eb =
√
k2 +M∗2b + gb,ωω0 + gB,ρ
τ3
2
ρ0. (6)
In the case of magnetars, as expected, the magnetic
field plays a crucial role. So, to study its effect, we start
with a static external magnetic field in the z direction
(these conditions will be relaxed latter). To accomplishe
that we fix: A2 = A3 = 0;A1 = −B0y. This choice
results in a quantum harmonic oscillator like equation,
whose eigenvalue solution is well known [31–33]:
Eb =
√
k2z +M
∗2
b + 2ν|e|B0 + gb,ωω0 + gB,ρ
τ3
2
ρ0, (7)
where ν is a discrete parameter called Landau level (LL).
For the leptons, since they are all charged and do not feel
the strong force, we have:
El =
√
k2z +m
2
l + 2ν|e|B0. (8)
To construct the equation of state (EoS) for this many
body system of leptons and strongly interacting baryons
we use the Fermi-Dirac statistics. As the neutron star
temperature is far below the its own Fermi temperature
we use T = 0 approximation. For the uncharged baryons
the distribution is isotropic and the solution for the en-
ergy density is straightforward [34]:
ǫ =
1
π2
∫ kf
0
√
k2 +M∗b k
2dk. (9)
For the charged fermions (baryons and leptons), not
only the energy spectrum is quantized but also the dis-
tribution in the plane perpendicular to the magnetic field.
In this case the energy density reads [31, 33]:
ǫ =
|e|B0
2π2
∑
ν
η(ν)
∫ kf
0
√
k2z +M
∗
b + 2ν|e|B0dkz , (10)
where kf is the Fermi momenta of the particle and η(ν)
is the degeneracy of the LL ν. The first Landau Level is
non-degenerate and the others are two-fold degenerate.
The sum over the LL ends at the closest integer at which
the square of the Fermi momenta of the particle is still
positive.
In MFA the contribution of the mesonic fields to the
energy density is given by [8, 9, 31]
ǫm =
1
2
(
m2sσ
2
0 +m
2
vω
2
0 +m
2
ρρ
2
0
)
+ U(σ), (11)
The total energy density is the sum of the energy den-
sity of all fields (baryons, leptons and mesons). Finally
the expected values of the mesonic fields are calculated
either from the Euler-Lagrange equations or by impos-
ing that the total energy density be stationary at fixed
baryon density [8]:
(
∂ǫ
∂σ0
)
=
(
∂ǫ
∂ω0
)
=
(
∂ǫ
∂ρ0
)
= 0. (12)
To calculate every particle population at a fixed den-
sity we impose electric charge neutrality and chemical
equilibrium:
µbi = µn − ebiµe, µµ = µe;
∑
f
efnf = 0, (13)
where µbi and ebi are the chemical potential and electric
charge of the i-th baryon respectively. At zero temper-
ature, the chemical potentials coincide with the energy
4eigenvalues given in Eqs. (6) and (7); µe and µµ are the
electron and muon chemical potential respectively; n is
the number density and the sum in f runs over the two
fermions.
Now, to construct the EoS we calculate the pressure
via thermodynamics:
p =
∑
f
µfnf − ǫ, (14)
where the sum runs over all fermions.
A. Contribution of the magnetic field itself
Now let’s take a closer look at the magnetic field it-
self. As we known from Einstein’s general relativity,
every form of energy should be taken into account via
the energy-momentum tensor. As the magnetic field it-
self has energy it will ultimately contribute in the TOV
equations [7]. Although its contribution to the energy
is simple, the contribution to the pressure is not trivial.
The reason is that for a constant magnetic field in the
z direction, the stress tensor is not diagonal, but reads
B = diag(B2/2, B2/2,−B2/2) [35].
The straightforward way to solve this problem is a fully
relativistic numerical integration of Einstein’s field equa-
tions. However it demands a very high computational
price. Once we are in the realm of effective fields, we
can look for options. The standard approach in the lit-
erature [31, 36–42] is to consider only the perpendicular
component of the pressure. In this case, the contribution
of the pressure is equal to the contribution of the energy,
p = ǫ = B2/2). However, this approach cannot be justi-
fied by first principles, overestimates the influence of the
magnetic field and is in disagreement with more precise
calculations [20, 22]. Another common approache is to
split the pressure into two parts, the so called perpen-
dicular and parallel pressures and then solve an axisym-
metric version of the TOV equations [43]. However this
approach has a big issue once the thermodynamical con-
cept of pressure cannot depend on the direction because
it is a scalar. Also, it was already discussed in the litera-
ture that the pressure is ultimately isotropic even in the
presence of a magnetic field [21].
Besides the problem of the thermodynamical consis-
tency in the presence of a magnetic field, there is also a
problem regarding the stability of the magnetic field it-
self. As discussed in the literature, an uniform magnetic
field in the z direction is unstable [44, 45]. A way to
avoid both problems lies in the concept of chaotic mag-
netic field, as originally introduced by Zeldovich [17] in
the 60’s: “It is possible to describe the effect of the mag-
netic field by using the pressure concept only when we are
dealing with a small-scale chaotic field (pag. 158)”. So
we relax the condition of an uniform magnetic field in the
z direction and assume the chaotic magnetic field, whose
stress tensor reads: diag(B2/6, B2/6, B2/6), thus avoid-
ing the anisotropy problem and yielding p = ǫ/3, a radi-
ation pressure formalism. Within this approach the con-
tribution of the magnetic field to the EoS reads [18, 19]:
ǫ = ǫM +
B20
2
; p = pM +
B20
6
, (15)
where M stands for the matter.
We now go back to the issue of an uniform magnetic
field. The more powerful magnetars are expected to have
a magnetic field around 1015G in their surface [2, 3]. Al-
though fields of these magnitudes do not affect the main
properties of neutron stars, fields larger than 1018G are
expected in the magnetar core due to the scalar Virial
theorem [1]. To simulate the magnetic field growing to-
wards the core we use an energy density dependent ap-
proach, as introduced in [18]:
B(ǫ) = B0
(
ǫM
ǫc
)γ
+Bsurf , (16)
where ǫM is the matter energy density and ǫc is the en-
ergy density at the core for zero magnetic field configu-
ration, Bsurf is the magnetic field at the surface of the
magnetar, for which we use 1015G, B0 is the maximum
magnetic field expected in the core, which we consider to
be of the order of 3 × 1018G to account for the scalar
Virial theorem, and γ is the only free parameter of our
model. To study its influence on the neutron star prop-
erties, we use γ = 4 and γ = 6. Now B(ǫ) replaces B0
in Eq. (15), only in the therm of self-energy - B2/2 and
B2/6 - , but not in the matter term. We make this choice
for two reasons: assure that the energy eigenvalue is cor-
rect, and the fact that using a variable magnetic field also
in the matter does not significantly affect the results as
showed in ref. [40]. Concerning this approach, a word of
caution is important: a density dependent magnetic field
violates Maxwell equations as discussed in [46] and a re-
arrangement term, never calculated, would be necessary.
B. Results
We plot in Fig. (1) the particle population for zero
magnetic field and B0 = 3×1018G. The hyperon popula-
tion is strong dependent on the hyperon-meson coupling
constants. With our choice that the couplings are con-
strained to the SU(6) symmetry group, we see that the
Λ0 is the first hyperon to appear around n = 0.35fm−3.
Also, with this approach, the Σ triplet is suppressed, the
Ξ− appears around 0.66 fm−3 while the onset of the Ξ0
occurs at densities beyond those found in the neutron
star core. When the magnetic field is present, two main
differences arise in comparison with the results in non
magnetized matter: the first one is that the charged par-
ticle population is favored at low densities since they are
coupled to the magnetic field. The second is the presence
of many kinks, especially at low densities due the depen-
dence with the discrete LL. At low densities there are
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FIG. 1. (Color online) Particle population for zero magnetic field (right) and for B0 = 3 ×10
18G (left). The Landau quantization
induces several kinks and descontinuities at small densities.
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of density dependent magnetic fields. Within the chaotic magnetic field approximation the increase of the maximum mass is
very small and the results are independent of the free parameters.
few LL available. As the density increases, the number
of LL grows and approaches the continuum and the par-
ticle population is similar to those found in the absence
of the magnetic field.
For the macroscopic properties of the neutron stars, we
plot in Fig. (2) the EoS and mass-radius relation for zero
magnetic field and a magnetic field of 3 × 1018G within
two different variations, with γ = 4 and γ = 6. In the ab-
sence of magnetic field, the maximum neutron star mass
is 1.95 M⊙ which is slightly below the limit of the PSR
J0348+0432 in ref. [47]. When the magnetic field is taken
into account, the maximum mass increases to 1.98 M⊙
which agrees with the measurement of PSR J0348+0432.
Moreover, this small increase of the mass is in agreement
with more complex models in different approaches as can
be seen int [20, 43]. Moreover, comparing the results for
γ = 4 and γ = 6 we see that with the chaotic magnetic
field, the variation of the magnetic field has very little in-
fluence on the macroscopic properties of the magnetars,
a very reasonable result, once the γ is a non-observable
parameter. We also can see from Fig. (2) that the effect
of the magnetic field besides slightly increasing the max-
imum mass, causes a reduction of the radii of low mass
neutron stars. This result points in the same direction
as recent estimates of neutron stars radii [48, 49]. The
maximum magnetic field reached in the neutron star core
is also very close to the value of B0, but never surpasses
it. The main macroscopic properties of the neutron stars
are plotted in Tab. (II).
γ M/M⊙ R(km) ǫc (Mev/fm
3) Bc (×10
18G)
B = 0.0 1.95 12.47 976 0.0
4 1.98 12.47 970 2.98
6 1.98 12.51 963 2.96
TABLE II. Neutron stars main properties for zero magnetic
field and two variations of density dependent magnetic fields,
both with B0 = 3× 10
18G.
6C. The importance of the vector channel
The GM1 parametrization, which is used in this work
was fitted to describe the properties of nuclear matter
at the saturation point. To describe the hyperon thresh-
old in the neutron star core, a new set of hyperon-meson
couplings was necessary. Due to our choice of the SU(6)
symmetry group, only one free parameter was needed,
which was fixed by the imposition that UΛ = -28 MeV.
However, when hyperons are present not only new cou-
pling constants arise, but also a new vector meson is pos-
sible, the strangeness-hidden φ meson, whose Lagrangian
reads [9, 50, 51]:
L = gY,φψ¯Y (γµφµ)ψY + 1
2
m2φφµφ
µ − 1
4
ΦµνΦµν , (17)
The φ meson is analogous to the ω meson and its ex-
pected value is also calculated via MFA [9, 50]. As it
is a vector meson, the φ field increases the repulsion be-
tween the hadrons and consequently increases the max-
imum neutron star mass. Nevertheless, adding a new
meson implies on a new set of free parameters in the La-
grangian. However, using the SU(6) symmetry group, all
hadron-φ couplings are already constrained and within
this approach, no new free parameter is needed at all.
From the symmetry group we have [9]:
gΛφ
gNω
=
gΣφ
gNω
= −0.471, gΞφ
gNω
= −0.943, (18)
gNφ
gNω
= 0.0.
Now in Fig. (3) we plot the particle population for β-
stable matter with the φ meson for zero magnetic field
and for a magnetic field equal to 3 × 1018 G. For low
densities, as the φ meson does not couple to the nucleon,
there is no difference when compared to results without
it. Once the Λ appears, the φ field is no longer null
and a new repulsion channel arises. As can be seen from
Eq. (18), the repulsion of the Ξ hyeperons is stronger,
which causes a suppression of these particles allowing the
onset of the Σ− hyperon, which was absent when the φ
meson was not taken into account. As in the last section,
when a strong magnetic field is present, the particle den-
sities are quantized due the LL and many kinks appear.
Now in Fig. (4) we plot the EoS and the mass-radius
relation for neutron stars and magnetars with the φ me-
son. As the φ meson increases the hyperon chemical po-
tentials, it reduces the strangeness fraction of the hyper-
ons in neutron stars core. Moreover, the φ meson it-
self enters in the pressure calculation, causing the EoS
to become stiffer. All these effects combined cause a
significant stiffening and an increase in the maximum
mass of non-magnetized neutron stars from 1.94M⊙ to
2.06M⊙, which puts the neutron stars in agreement with
the PSR J0348+0432 [47]. As far as magnetars are con-
cerned, when the magnetic field is present the maximum
mass has a small rises from 2.06 M⊙ to 2.07 M⊙ and
2.08 M⊙, depending of the value of γ This shows that
the chaotic magnetic field is a free-parameter way to in-
troduce magnetic effects on the macroscopic properties
of neutron stars.These small increase of the maximum
mass are again in agreement of more complex calcula-
tions [20, 42]. We resume the main properties of the neu-
tron stars and magnetars with the φ meson in Tab. (III).
γ M/M⊙ R(km) ǫc (Mev/fm
3) Bc (×10
18G)
B = 0.0 2.06 11.96 1122 0.0
4 2.07 12.19 998 2.66
6 2.08 12.18 1060 2.83
TABLE III. Neutron stars main properties for zero magnetic
field and two variations of density dependent magnetic fields,
both with B0 = 3×10
18G with the φ meson take into account.
To summarize this section, let’s say that we have
studied the theory of magnetars as a hadronic neutron
star, allowing the hyperon onset due the high densities
reached in the core. Using the GM1 model for the nu-
clear matter and the symmetry group arguments to fix
the hyperon-meson coupling constant we show that non-
magnetized neutron stars can reach a maximum mass of
1.95M⊙, which is subtly below the constraint of the PSR
J0348+0432. This issue is solved when we consider the
effects of magnetic field or the strangeness-hidden φ me-
son, which does not couple to the nucleon, and rises the
maximum mass to 2.06M⊙. The influence of the mag-
netic field is studied using the chaotic field approxima-
tion, and its effect is to always increase the maximum
mass. Without the φ meson this increase is about 2%
and with it, the increase drops to only 1%. In all cases,
the influence of the magnetic field seems independent of
the non-observable parameter γ.
III. MAGNETARS AS QUARK STARS
As stated out earlier, the true ground state of the
hadronic matter might not be composed of protons and
neutrons but rather, of strange quark matter, as pre-
dicted by Bodmer and Witten [10, 11]. If this is true, pul-
sars with central densities above a certain limit are quark
stars, or strange stars. The main difference of quark stars
to the conventional neutron stars, composed of baryons,
is the fact that while the neutron star is bounded by
gravity, the quark star is self-bounded, i.e, is the strong
force that keeps matter cohesive against the degeneracy
pressure of the quarks.
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FIG. 4. (Color online) EoS and Mass-radius relation for a neutron star with zero magnetic field and two variations of magnetars
with the φ meson. All neutron stars results now agree with the PSR J0348+0432.
To describe a quark star we need to use a quark matter
EoS. Again, the official tool to describe quarks via stan-
dard model is the QCD and once more we need an effec-
tive model. As the quark matter is expected to restore
the chiral symmetry at high densities, we seek a model
with this feature. To accomplish this task we use the
SU(3) version of the NJL model [13, 52, 53]. The SU(3)
NJL Lagrangian includes a scalar, a pseudo-scalar and
the t’Hooft six-fermion interaction - needed to model the
axial symmetry breaking [54, 55]. Its Lagrangian density
reads:
LNJL = ψ¯f [γµ(i∂µ − efAµ)−mf ]ψf − 1
4
FµνF
µν +
+Gs
8∑
a=0
[(ψ¯λaψ)
2 + (ψ¯γ5λaψ)
2]−K{det[ψ¯(1 + γ5)ψ + det[ψ¯(1 − γ5)ψ]} (19)
where ψf are the quark Dirac fields, with three flavors,
mf = diag(mu,md,ms) are the current quark masses,
ef represents the quark electric charge, λa are the eight
Gell-Mann flavor matrices and Gs and K are coupling
constants. Unlike the QHD model for baryons, where
the interaction is mediated by massive mesons, the NJL
8Parameters Phenomenology SU(3) NLJ
mu = md 5.5 MeV mpi (MeV) 128 -138 138
ms 135.7 MeV mη (MeV) 487 549
Λ 631.4 mσ (MeV) 668 700
GsΛ
2 1.835 fpi (MeV) 93 93
KΛ5 9.29 fη (MeV) 94.3 84 - 102
TABLE IV. SU(3) NJL parameters and physical quantities infered from experiments [55].
model has no mediator, and the interaction is a direct
quark-quark point-like scheme (see ref. [52, 55] to see
the Feynman diagrams). This makes the NJL a non-
renormalizable model, and a cutoff is needed to obtain
physical results. The SU(3) NJL predicts five main phys-
ical parameters: the π, η and σ meson masses, as well
pion and η decay coupling constants, fpi and fη. The pa-
rameters, physical predictions and experimental values
are given in Tab. (IV).
Assuming mean field approximation (MFA) we can
rewrite the quark-quark interaction in terms of the scalar
condensates ((ψ¯ψ)2 = 2〈ψ¯ψ〉 − 〈ψ¯ψ〉2) [56]. To con-
struct the EoS for quark matter, we need to construct
the thermodynamical potential, once p = −Ω. For
each flavor, the pressure has three components, the in
medium, the vacuum and the magnetic contribution (pi
= pmedi + p
vac
i + p
mag
i ), besides the condensates (φf =
〈ψ¯fψf 〉) that also contribute to the pressure. Following
ref. [52, 53, 55, 56] and assuming T = 0, we have:
Ω = −
∑
f
pf + 2Gs(φ
2
u + φ
2
d + φ
2
s)− 4Kφuφdφs, (20)
where the contributions are:
pmedf =
Nc|ef |B
2π2
∑
ν
η(ν)
∫ kf
0
dk
k2
Ef
pvacf =
Nc
π2
∫ Λ
0
dkǫvk
2 (21)
pmagf =
Nc(|ef |B)2
2π2
[
ζ′(−1, xf ) +
− (x
2
f − xf )
2
lnxf +
x2f
4
]
,
where Nc is the number of colors, Ef =√
M2f + k
2
z + 2|ef |B is the energy eigenvalue for
fermions under the infulence of external magnetic fields
and Mf are the dynamical quark masses, which depend
on the condensates:
Mf = mf + 4Gsφi − 2Kφjφk
. The ǫv =
√
k2 +M2 can be seen as a vacuum en-
ergy eigenvalue, as it is very similar to the energy of free
fermions; ζ′ is the derivative of the Riemann-Hurwitz
zeta function and xf = M
2
f /(2|ef |B). For more details
on the formalism, please see ref. [52, 53, 56].
To finish, we need to calculate the value of the conden-
sates. In the same way as the presssure, the condensates
also have contributions from medium, vacuum, and the
magnetic field (φf = φ
med
f + φ
vac
f + φ
vac
f ). These values
are:
φmedf =
Nc|ef |BMf
2π2
∑
ν
η(ν) ln
(
Ef + kf√
M2f + 2|ef |B
)
φvacf = −
NcMf
2π2
[
Λǫv −
M2f
2
ln
(
ǫv + Λ
M2
)]
(22)
φmagf = −
MfNc(|ef |B)2
2π2
[
ln Γ(xf )− 1
2
ln(2π) +
+xf − (2xf − 1)
2
lnxf
]
.
As the dynamical masses Mf depend of the conden-
sate values and vice-versa, these equations are solved in
a self-consistently way. Equations (23) are called Gap
equations. As in the hadronic case, leptons are added as
a free Fermi gas, as required by neutralilty and chemical
stability (Eq. 13). The energy density is obtained via the
thermodynamic relation given in (Eq. 14).
A. Contribution of the magnetic field itself
As in the case of neutron stars, we construct quark
stars via the chaotic magnetic field approximation, which
gives us an isotropic contribution to the pressure avoiding
thermodynamic issues. The energy density and pressure
are given by:
ǫ = ǫM +
B20
2
; p = pM +
B20
6
. (23)
We continue to couple the density depended magnetic
field to the EoS instead of coupling it to the number
density, as presented in Eq. (16). Additional discussion
about the validity of this approach can be found at the
end of the manuscript.
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FIG. 5. (Color online) Particle population for zero magnetic field (right) and for B0 = 3 ×10
18G (left). The electron population
is only significant in the presence of the magnetic field.
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of density dependent magnetic fields. Within the chaotic magnetic field approximation the increase of the maximum mass is
very small and the results do not dependent on the free parameters.
B. Results
In Fig. (5) we plot the particle population for zero mag-
netic field and B0 = 3 × 1018G. Unlike the baryon pop-
ulation, the quark population does not depend strongly
on coupling constants. As Gs and K coupling constants
are equal to all quarks, the main difference is generated
by the mass of the s quark. With our choice following
ref. [54], the s quark onset happens around 0.66 fm−3.
On other hand, we see that for zero magnetic field, the
electron population is very low, reaching a maximum of
only Ye = 0.002 next to the s quark threshold. The
muons are absent due the fact that its mass is bigger
than the mass of light quarks. The main difference in
particle population when the magnetic field is present,
is the fact that the electron population is much bigger
at low densities, reaching a maximum of Ye = 0.01. Al-
though this is still a low value, it is five times bigger
than the one obtained in the absence of the magnetic
field. This is due to the fact that the particle population
couples to the magnetic field and the electric charge. As
the electron charge is three times the value of the quark
charge, its population rises, particularly at low densities
when there are less Landau levels. Even at low densities
the kinks are much less evident than in hadronic mat-
ter, since in the last case we have the continuum Fermi
sea of neutrons (uncharged) competing with the discrete
Landau levels of protons and electrons (charged). On the
other hand, in quark matter all particles are charged.
As for the EoS itself, it is plotted in Fig. (6) alongside
some of the corresponding macroscopic properties of the
quark stars, i.e., the mass-radius relation for zero mag-
netic field and for a magnetic field of 3 × 1018G within
two different variations of the density dependence, i.e., γ
= 4 and γ = 6. In the absence of the magnetic field, the
maximum quark star mass is only 1.46 M⊙ which is be-
low the limit of the PSR J0348+0432 in ref. [47], ruling
out the NJL as a model that describes massive pulsars.
Another important aspect refers to the fact that the NJL
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model does not produce absolutely stable matter at zero
temperature, i.e., it does not satisfy the Bodmer-Witten
conjecture [57]. However, the effects of a magnetic field
not necessarily too strong and a small increase of tem-
perature [58] seem to be enough to guarantee that the
quark matter acquires stability.
When the magnetic field is taken into account, the
maximum mass increases only to 1.47 M⊙. As in the
case of hadronic neutron stars, this small increase of the
mass is in agreement with more complex models in differ-
ent approaches as can be seen in ref. [20, 43]. Moreover,
comparing the results for γ = 4 and γ = 6 we see that
with the chaotic magnetic field, the variation of the mag-
netic field has again very little influence on the macro-
scopic properties of the magnetars. Also, the effect of the
magnetic field besides slightly increasing the maximum
mass, causes a reduction on the radii of low mass quark
stars. This same result was observed in hadronic neutron
stars, and shows that the chaotic field approximation is
consistent with both types of star. The central density
of a quark star is around 1500 MeV/fm3, more than
50% higher than the central density of the neutron stars.
Yet, the central magnetic field is lower when compared
with the hadronic case. In Tab. (V) we resume these re-
sults, which can be compared with the ones presented in
Tab. (III).
γ M/M⊙ R(km) ǫc (Mev/fm
3) Bc (×10
18G)
B = 0.0 1.46 8.92 1480 0.0
4 1.47 8.85 1516 2.19
6 1.47 8.83 1534 2.38
TABLE V. Quark stars main properties for zero magnetic
field and two variations of density dependent magnetic fields,
both with B0 = 3× 10
18G.
C. The importance of the vector channel
The SU(3) NJL model parameters were fixed in order
to determine the five properties presented in Tab. IV.
However, additional terms can be added in a covariant
way in the NJL model. One of these terms is a vector
interaction, in opposition to the scalar interaction. Its
Lagrangian reads:
LNJLv = −Gv(ψ¯γµψ)2. (24)
In the phase diagram, the vector term weakens and
delays the phase transition of the chiral restoration, and
potentially alter the nature from chiral transition to the
CSC phase [59]. The mathematical formalism of the vec-
tor term shows that it acts like the ω meson f in quantum
hadrodynamical models, creating an additional repulsion
between the quarks and stiffens the EoS. This effect is de-
sirable once we need to construct an EoS stiff enough to
simulate the two solar mass PSR J0348+0432 pulsar.
When the vector channel is present an additional term
is added in the pressure (as well in the energy density via
Eq.(14)). In MFA this term is [55]:
pf = Gvn
2
f , (25)
where nf is the number density of the quark f . As its
value is zero at zero potential chemical, there is no vac-
uum correction or gap equation. Notice that another pre-
scription for the vector chanel in the NJL model is also
possible. For a discussion on the different possibilities
and their consequences, please see ref. [53].
In order to obtain physical results we need to fix the
Gv coupling constant. While in QHD the non standard
vector channel φ introduces no new free parameters be-
cause they can be fixed throught symmetry group argu-
ments, unfortunately, in the NJL, this is not the case.
In most works the Gv is treated just as a free parame-
ter [15, 52, 53, 56, 60, 61]. Nevertheless, in other works,
the autors have tried to fix the Gv coupling from direct
comparisons with the lattice QCD (LQCD) results.
We follow this path. In ref. [59] studying the inter-
play between chiral transition and CSC phase, the au-
thors fixed GV in the range 0.2 < Gv/Gs < 0.3 in or-
der to reproduce the LQCD; in ref. [62] Gv was fixed in
the range 0.283 < Gv/Gs < 0.373 in order to reproduce
the slope of the pseudo-critical temperature for the chi-
ral phase transition at low chemical potential extracted
from LQCD simulations; also to reproduce the pseudo-
critical temperature, in ref. [63] GV was found to be in
the range 0.25 < Gv/Gs < 0.4 and finally, in ref. [64] a
very restrictive choice was made and the Gv/Gs = 0.33.
We follow the last suggestion and also fix Gv/Gs = 0.33
next.
The results for the particle population are exactly the
same as the ones obtained without the vector channel.
This is due to the fact that all coupling constants are
universal, coupling equally the three quarks. This result
was already noted in ref. [53]. Due to this fact, we do
not plot the fraction os particles here, as it can be seen
in Fig. (5).
In Fig. (7) we replot the EoS and the mass-radius re-
lation for quark matter and magnetars with the vector
channel. As the vector channel enters in the pressure
calculation, causing the EoS to become stiffer we expect
higher maximum masses as we show in Tab. VI. However,
as we can see, the increase of the mass is not enough to
reproduce the PSR J0348+0432 pulsar. Of course we can
raise the maximum mass up to 2.0 solar masses increas-
ing the value of Gv coupling, as done in [53]. However,
instead of artificially increasing the vector channel, as it
would point against the LQCD results, we choose to face
the consequences. The present study indicates that mas-
sive pulsars cannot be composed of deconfined quarks, at
least if we believe that the NJL is a good quark matter.
This does not completely rule out the possibility of quark
stars. As pointed in ref. [15] and other references therein,
the hadronic neutron star could be a metastable system,
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FIG. 7. (Color online) EoS and mass-radius relation for a quark star with zero magnetic field and two variations of magnetars
with the Gv channel. No quark stars results agree with the PSR J0348+0432.
which eventually collapses. If the original neutron star
had a mass beyond 1.74 M⊙ it would become a black
hole. However, a lower mass neutron star would become
a quark star. The other possibility is that the metastable
hadronic star can face a transition to a hybric star [65],
an object with both, hadron and quark matter [66], as
discussed in the next section.
γ M/M⊙ R(km) ǫc (Mev/fm
3) Bc (×10
18G)
B = 0.0 1.73 9.60 1521 0.0
4 1.74 9.57 1499 2.29
6 1.73 9.59 1478 2.10
TABLE VI. Quark stars main properties with the Gv cou-
pling. Even with this channel the maximum masses are not
high enough to explain the massive PSR J0348+0432.
The effect of the magnetic field only increases the mass
by 0.01M⊙, as all other models investigated with the
chaotic magnetic field approximation, i.e., the increase
in the maximum mass is very subtly.
IV. MAGNETARS AS HYBRID STARS
As the density increases towards the star core, quarks
become more energetically favorable than baryons, and
ultimately the neutron star core may be composed of
deconfined quarks. If the entire star does not convert
itself into a quark star as suggested by the Bodimer-
Witten conjecture, the final composition is a quark core
surrounded by a hadronic layer. This is what is gen-
erally called a hybrid star. Nevertheless the nature of
a hybrid star itself is not a closed question. Some au-
thors, as Hans Beth, and Brian Serot [67, 68] claimed
that the quark-hadron phase transition needs to be a
constant-pressure phase transition obtained through a
Maxwell construction. Within Maxwell constructions the
quark and the hadron phases are spatially separated and
there is a discontinuity in the electron chemical poten-
tial, although the nucleon chemical potentials are con-
tinuous. On the other hand Glenndening [8] suggested
that Maxwell construction is β unstable at the inter-
face between the phases and proposed a construction in
which the pressure and all chemical potentials (includ-
ing the electron chemical potential) are continuous, the
one called Gibbs construction. Under these construction
quarks and hadrons coexist in a mixed state, generating
one intermediate phase in between the hadronic and the
quark phases. Despite these differences, some authors
[69–71] performed studies on hybrids stars with both,
Maxwell and Gibbs construction. They all concluded
that there is no significant difference on the macroscopic
properties of the hybrid stars. Due to this fact, in this
work we use a Maxwell construction, which is simpler. In
this case we impose that the transition occurs when the
pressure of the quark matter equals the pressure of the
hadronic matter at the same chemical potential:
µHn = µ
Q
n and p
H = pQ, (26)
where the neutron chemical potential can be written in
terms of the quark ones as:
µd = µs =
1
3
(µn + µe)
µu =
1
3
(µn − 2µe). (27)
We have previoulsy presented two possibilities to de-
scribe hadronic matter, with and without the vector
channel (let’s call them QHD and QHDv respectively).
We have also shown two ways to describe quark matter
(NJL and NJLv). Moreover each possibility has been
studied in two configurations of the magnetic field. Now
we can study how each of these factor influences the for-
mation of hybrid stars. To accomplish that, we plot in
Fig. (8) the pressure as function of the chemical poten-
tial, and seek for the point that satisfies the conditions
presented in Eq. (26) with and without magnetic field.
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FIG. 8. (Color online) Pressure as function of the chemical potential with (right) and without (left) magnetic field (B= 3×1018
G). If a hadronic EoS crosses a quark one, the phase with deconfined quarks becomes energetically favorable at higher densities.
We see that the vector channel in the hadron phase in-
creases the pressure, so it induces the hadron quark phase
transition at early densities when compared with the case
without the φ meson. On other hand, the vector channel
in the quark phase increases the pressure as well. With
the inclusion of these two vector channels, the pressure
becomes higher in the quark phase than in the hadronic
one, thus suppressing the phase transition. Indeed, if we
believe that the NJLv model is a good model to describe
quark matter, therefore it is not probable that hybrid
stars exist since, as we can see, Eq. (26) is not satisfied.
More interesting phenomena, however, appear when
we deal with the magnetic field. As pointed out during
our discussions on hadronic and quark stars, the effect
of the magnetic field on the EoS is not relevant, causing
only a small increase on the maximum masses. However,
when we seek for both phases crossing point we see that
the magnetic field plays the role of suppressing the quark
onset. As we can see from the study involving QHDv to
NJL the chemical potential at the phase transition point
is pushed away from 1295 MeV to 1340 MeV. When QHD
and NJL models are considered, the chemical potential
moves from 1330 MeV to 1439 MeV. Note that such high
chemical potential is already above the one correspond-
ing to the maximum mass of a hadronic neutron star.
The fact that the magnetic field strongly difficults the
formation of a hybrid star was already pointed out in the
recent literature [72, 73]. Our study corroborates these
results. The phase transition pressure and chemical po-
tential values are presented in Tab. VII.
Hadron Quark B (×1018) G µHn = µ
Q
n p
H = pQ ǫH (MeV/fm3) ǫQ (MeV/fm3)
QHD NJL 0.0 1330 MeV 141 (MeV/fm3) 711 808
QHDv NJL 0.0 1295 MeV 117 (MeV/fm3) 597 730
QHD NJL 3.0 1439 MeV 264 (MeV/fm3) 1130 1409
QHDv NJL 3.0 1340 MeV 149 (MeV/fm3) 683 834
TABLE VII. Chemical potential and pressure at phase transition for QHD to NJL with and without the vector channel and
the magnetic field. We also present the energy density of each matter at the phase transition. The NJLv model does not allow
a phase transition.
As can be seen, there are three possible models of hy-
brid stars that we now nominate: model A corresponds to
the EoS obtained from QHD and NJL without magnetic
field, model B to QHDv and NJL also with no magnetic
field, and finally model C to the QHDv to NJL with the
inclusion of magnetic field. We plot the EoS and the
mass-radius diagram for them in Fig. (9) and resume the
main properties in Tab. VIII.
The maximum mass of a hybrid neutron star with-
out magnetic field lies just slightly below the lower limit
of the PSR J0348+0432. When the magnetic field is
included, we see that the PSR J0348+0432 mass con-
straint is satisfied. Notice that hybrid stars bear the
lower value of the energy density at the core as com-
pared with hadronic and quark stars, and thus lower val-
ues of the magnetic fields. Also they have the bigger radii
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FIG. 9. (Color online) EoS and mass-radius relation for models that allow a construction of an hybrid star.
Model M/M⊙ R(km) ǫc (Mev/fm
3) Mmin/M⊙
A 1.93 12.88 877 1.91
B 1.92 13.04 822 1.94
C 2.00 12.97 879 2.02
TABLE VIII. Hybrid star properties indicating that the al-
lowed mass values for a quark core lie within a very narrow
band.
for the maximum masses when compared with hadronic
and quark stars. We also investigate the Mmin, which
is the minimum mass star that supports a quark core,
i.e., stars with masses below Mmin are purely hadronic.
We see that, although the existence of a hybrid star is
possible, it is very unlikely, because there is just a nar-
row mass range that supports a quark core. Indeed if
we move away from the maximum mass by only 0.02M⊙
we obtain a pure hadronic star, instead of a hybrid one.
This small range is even below the experimental uncer-
tainty on the mass of the PSR J0348+0432. Hence, its
true nature is still an open subject, although probably it
is not a quark star.
V. FINAL REMARKS
In this work we studied the influence of a non standard
repulsive channel and strong magnetic field in different
classes of compact stars. The results can be summarized:
• The φ meson in the hadronic matter significantly
increases the pressure, making hadronic neutron
stars fully compatible with the PSR J0348+0432.
As this meson does not affect nuclear properties
and brings no new parameters, since we can con-
strain gφ with the help of symmetry group, its pres-
ence seems to improve the description of hadronic
matter at high densities.
• The Gv in the quark matter also increases the pres-
sure. However there are two problems: First, unlike
the hadronic case, this new vector channel cannot
be fixed by theory, only by phenomenology. Sec-
ond, although there is some consensus about the
possible values of Gv from lattice QCD, even with
this term the quark stars are not massive enough
to describe the PSR J0348+0432. An arbitrary
increase of Gv in order to accomplish that seems
highly unphysical.
• The magnetic field has very little influence on
the macroscopic properties of hadron and quark
stars, but its inclusion makes the formation of hy-
brid stars more difficult, pushing away the neutron
chemical potential.
• The additional vector channel in QHD favors the
existence of hybrid stars, while in NJL it suppresses
this possibility completely.
• The minimum and the maximummasses of a hybrid
star are very close to each other, indicating that
only stars at the edge of mechanical stability can
be hybrid stars. If they exist, hybrid stars are very
rare in the universe.
• Quark stars can still be present in nature, if the
Bodmer-Witten conjecture is true. Low masses
hadronic neutron stars can collapse to form a quark
star. Massive neutron stars collapse into black
holes.
• We can describe even more massive neutron stars
if hyperons are not present. However, as far we
known, no physical mechanism is able to cause hy-
peron suppression. The hyperon puzzle is still open
and can only be accounted for if other degrees of
freedom are incorporated into the Lagrangian den-
sity.
Before finishing this work, as pointed out in the in-
troduction, we discuss in more detail our results and the
validity of the chaotic magnetic field approximation in
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the light of a new study published in ref. [22] concern-
ing the magnetic field distribution in magnetar interiors.
Using full relativistic numerical calculation, it was found
that the magnetic field can be expressed as a multi-polar
expansion that accounts for the monopole contribution,
the dipole term, the quadrupole and so go on. Now, the
important fact here is is that our study is based on the
chaotic magnetic field formalism, which is a monopole
approximation for the magnetic field profile. However
as shown in Fig 3 of [22] the monopole term is dom-
inant in almost the entire star. More than that, the
monopole term is specially dominant in the neutron star
core, when the magnetic field is stronger. So, in the limit
of very high field, when its influence is bigger, our results
are very close to those obtained in this work. Moreover,
one of the main problems of using TOV equations in the
presence of strong magnetic fields is the possible appear-
ance of anisotropies in the momentum-energy tensor. As
pointed out in ref. [22] in most cases, T θθ 6= T rr. How-
ever, exactly due to the monopole nature of the chaotic
magnetic field, we always obtain T θθ = T rr, which guar-
antees that the TOV approximation is a good one in this
case.
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